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Abstract
We present an extended study of our previous work on an alternative five-
dimensional N = 2 supergravity theory that has a single antisymmetric ten-
sor and a dilaton as a part of supergravity multiplet. The new fields are natu-
ral Neveu-Schwarz massless fields in superstring theory. Our total matter multi-
plets include n copies of vector multiplets forming the sigma-model coset space
SO(n, 1)/SO(n), and n′ copies of hypermultiplets forming the quaternionic Ka¨hler
manifold Sp(n′, 1)/Sp(n′)× Sp(1). We complete the couplings of matter multiplets
to supergravity with the gauged group of the type SO(2) × Sp(n′) × Sp(1) × H ×
[U(1) ]n−p+1 for an arbitrary gauge group H with p ≡ dimH +1, and the isotropy
group Sp(n′)× Sp(1) of the coset Sp(n′, 1)/Sp(n′)× Sp(1) formed by the hyper-
multiplets. We also describe the generalization to singular 5D space-time as in the
conventional formulation
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1. Introduction
The importance of supergravity in 5D space-time manifests itself in many contexts, such
as the supersymmetrization [1][2] of Randall-Sundrum type brane-world scenario [3], namely,
gauged supergravity in singular 5D space-time. In ref. [2], the introduction of a 4th-rank
antisymmetric tensor Aµνρσ made it easier to handle supergravity in such a singular space-
time with the orbifold-type singularity S1/ZZ2. Another important aspect of 5D supergrav-
ity is related to what is called holographic anti-de-Sitter and superconformal field theory
(AdS/SCF) correspondence, namely the conjecture that the large N limit of SU(N) su-
perconformal field theories in 4D are dual equivalent to supergravity on AdS space-time in
5D [4][5]. In both of these aspects of 5D supergravity, the presence of the 5D cosmological
constant, via the gauging of the N = 2 automorphism group SL(2, IR) = Sp(1) (or its
SO(2) subgroup) plays a crucial role.
The conventional on-shell formulation of N = 2 supergravity in 5D was initiated in [6] in
which an arbitrary number of vector multiplets is coupled to supergravity, and generalized
further in [7][8][9]. However, in these formulations [6][7][8][9], the dilaton field as one of
the important NS fields does not have manifest dilaton scale invariance. Moreover, an
additional complication is that the tensor fields in [6][7][8][9] appear in symplectic pairs,
obeying the ‘self-duality’ condition in odd space-time dimensions, and therefore the single
antisymmetric tensor field Bµν as another important NS field [10] is mixed up with other
tensor fields. In order to overcome these drawbacks in these on-shell formulations [6][7][8][9],
we may try an off-shell formulation as an alternative, but such a formulation lacks the
manifest σ -model geometry formed by scalars, which is ‘hidden’ at the off-shell level before
eliminating auxiliary fields. This is similar to the 4D case of Ka¨hler manifold structure in
on-shell N = 1 supergravity [11] which is hidden in the off-shell formulation.
In our previous paper [12], we have proposed an alternative on-shell N = 2 supergravity
multiplet in 5D, which has an irreducible field content larger than the conventional one
[6][8][9] including an antisymmetric tensor and a dilaton fields that are Neveu-Schwarz (NS)
massless fields in superstring theory [10]. Our supergravity multiplet has the field content
(eµ
m, ψµ
A, Bµν , χ
A, Aµ, σ) with 12+12 on-shell degrees of freedom, where the fu¨nfbein
eµ
m, the gravitini ψµ
A, and the graviphoton Aµ are the same as the conventional N =
2 supergravity [6][7][9][8], while an antisymmetric tensor Bµν , a dilatino χ
A, and a dilaton
σ are our new field content. Among these, the antisymmetric tensor Bµν and the dilaton
σ are natural NS massless fields in superstring theory [10].
In the present paper, we will continue the study of our alternative on-shell N = 2 super-
gravity [12] coupled to n copies of vector multiplets and n′ copies of hypermultiplets. In our
formulation, the dilaton and the antisymmetric fields as the important NS fields are treated
separately from other scalars. Our n scalars ϕα form the coordinates of the σ -model
coset SO(n, 1)/SO(n), while the 4n′ scalars φα form the coordinates of the σ -model
coset Sp(n′, 1)/Sp(n′) × Sp(1) [12]. We present the general gaugings of our system in
the presence of hypermultiplets that were not given in our previous paper [12], and consider
our supergravity in singular 5D space-time, as the supersymmetrization of Randall-Sundrum
brane-world scenario [3], following the prescription of [2] for dealing with the orbifold-type
S1/ZZ2 singularity.
This paper is organized as follows: In section 2, we review our N = 2 alternative
supergravity as a notational preparation before gaugings. In section 3, we give the general
treatment for the gauging of an arbitrary non-Abelian gauge group that has nothing to do
with the coset Sp(n′, 1)/Sp(n′)×Sp(1). Section 4 is devoted to our main focus in the present
paper, namely, to show how to gauge the automorphism group Sp(1) = SL(2, IR) of N =
2 supersymmetry, or more generally the whole isotropy group Sp(n′)× Sp(1) of the coset
Sp(n′, 1)/Sp(n′) × Sp(1), in the presence of hypermultiplets, which was not accomplished
in our previous paper [12]. As a by-product, we will give the most general case of gauging
of the total group SO(2) × Sp(n′) × Sp(1) × H × [U(1) ]n−p+1 for an arbitrary gauge
group H with p ≡ dimH + 1, and the isotropy group Sp(n′) × Sp(1) of the coset
Sp(n′, 1)/Sp(n′)× Sp(1) formed by the hypermultiplets. Section 5 is for the formulation of
our alternative supergravity in a singular 5D space-time, with the orbifold-type singularity
S1/ZZ2, i.e., the supersymmetrization [1][2] of Randall-Sundrum brane-world scenario [3].
Section 6 is for our conclusion, while the important notations and conventions are given in
the Appendix.
2. Coupling of Vector Multiplets and Hypermultiplets
to 5D, N = 2 Supergravity
We start with reviewing the couplings of 5D, N = 2 supergravity to vector multiplets
and hypermultiplets [12], before general non-Abelian gaugings. The field content of the
multiplet of supergravity is (eµ
m, ψµ
A, Aµ
I , Bµν , χ
A, ϕα, λaA, φα, ψa) with 12 + 12 on-shell
degrees of freedom [12]. Here µ, ν, ··· are for the curved world indices, while m, n, ··· are
local Lorentz with the metric (η
mn
) = diag. (−,+,+,+,+), eµm is the fu¨nfbein,
ψµ
A is the gravitino with A = 1, 2 for 2 -representation of the automorphism group
Sp(1) = SL(2, IR) for the N = 2 supersymmetry. The raising/lowering of the indices
A, B, ··· is performed by the Sp(1) metric ǫAB, ǫAB, and therefore special attention is
needed for superscript/subscript of these indices, in particular, their inner products. As in
[12], we use here Sp(1) = SL(2, IR) notation instead of SU(2) as the automorphism
group, in order to make all the bosonic fields manifestly real, just for simplicity. The
vectors Aµ
I
(I = 0, 1, 2, ···, n) form the (n+ 1) -representation of SO(n, 1) in the coset
2
SO(n, 1)/SO(n) [13][14]. The ϕα (α = 1, 2, ···, n) are the n -dimensional σ -model coor-
dinates of the coset SO(n, 1)/SO(n), λaA (a = 1, 2, ···, n) are in the n -representation of
SO(n), φα (α = 1, 2, ···, 4n′) are the 4n′ -dimensional coordinates of the quaternionic Ka¨hler
manifold Sp(n′, 1)/Sp(n′) × Sp(1), and ψa (a = 1, 2, ···, 2n′) are in the 2n′ -representation
of Sp(n′). As described in [12], this is the combination of our multiplet of supergravity
(eµ
m, ψµ
A, Aµ, Bµν , χ
A, σ), n copies of the vector multiplets (Cµ, λ
A, ϕ), and 4n′ copies of
the hypermultiplets (φα, ψa). In particular, the graviphoton Aµ is identified with the zero-
th component Aµ
0, while the n copies of the vector field Cµ from the vector multiplets
renamed as Aµ
1, Aµ
2, · · · , Aµn, combined into the unified notation AµI (I = 0, 1, 2, ···, n).
Since the indices I, J, ··· are with the indefinite metric (η
IJ
) = diag. (−,+,+, · · · ,+), we
make the raising/lowering of these indices explicit. Note that our multiplet of supergravity is
distinct from the conventional one (eµ
m, ψµ
A, Aµ) [6], in which only the fu¨nfbein, gravitino
and the graviphoton form the irreducible field content.
The geometrical relationships associated with the coset SO(n, 1)/SO(n) are conve-
niently listed up as [13][12]
⌊⌈Hab, Hcd⌋⌉ = δbcHad − δacHbd + δadHbc − δbdHac , (2.1a)
⌊⌈Hab, Kc⌋⌉ = δbcKa − δacKb , ⌊⌈Ka, Kb⌋⌉ = +2Hab . (2.1b)
LA
I∂αLI
B = 1
2
Aα
ab(Hab)A
B + Vα
a(Ka)A
B , Aαb
c = Lb
I∂αLI
c , (2.1c)
(Hab)c
d = δacδb
d − δbcδad , (Ka)b(0) = (Ka)(0)b = −
√
2δab , (2.1d)
LI
ALA
J = δI
J , LA
ILI
B = δA
B , (2.1e)
LI ≡ LI (0) , LI ≡ L(0)I , LILI = +1 , LaILI ≡ 0 , LIaLI ≡ 0 , (2.1f)
LIJ ≡ ηABLIALJB = −LILJ + LI aLJa (2.1g)
LIJL
J = −LI , LIJLaJ = +LIa , (2.1h)
DαLI = ∂αLI = −
√
2LI
aVαa , DαLI
a = −
√
2LIVα
a , ∂αLIJ = 0 , (2.1i)
⌊⌈Dα, Dβ⌋⌉LI a = −2(VαaVβb − VβaVαb)LIb , (2.1j)
Rαβ
ab = −2(VαaVβb − VβaVαb) , R = −2n(n− 1) ≤ 0 , (2.1k)
DαXa ≡ ∂αXa + AαabXb , (2.1ℓ)
which are self-explanatory exactly in the same notation as in [12]. The Cartan decompo-
sition of the SO(n, 1) Lie algebra is dictated by the SO(n) generators Hab and the
coset generators Ka, satisfying (2.1). The indices a, b, ··· = (1), (2), ···, (n) are for the vectorial
representation of SO(n). The indices A, B, ··· = ((0),a), ((0),b), ··· = (0), (1), (2), ···, (n) are for the
local coordinates on Sp(n′, 1)/Sp(n′)×Sp(1).4 In other words, A, B, ··· = ((0),a), ((0),b), ··· are
4The indices A, B, ··· used both for the 2 -representations and for these local Lorentz coordinates are
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the (n + 1)-dimensional extension of the original n -dimensional indices a, b, ···. The in-
dices I, J, ··· = 0, 1, ···, n are for the curved coordinates, while α, β, ··· = 1, 2, ···, n are for the
coordinates on Sp(n′, 1)/Sp(n′) × Sp(1). The raising/lowering of the indices A, B, ··· is
performed by the metric tensor (η
AB
) = diag. (−,+,+, · · · ,+). The Maurer-Cartan form
made of LI
A decomposes as in (2.1c). Eq. (2.1d) gives the explicit components of H ’s and
K’s, while (2.1e) - (2.1i) are relevant orthonormality relations. Eq. (2.1i) - (2.1ℓ) are for the
SO(n) covariant derivative Dα.
As for the geometry related to the quaternionic Ka¨hler manifold Sp(n′, 1)/Sp(n′) ×
Sp(1) we start with the representative Laα, which satisfies the Maurer-Cartan form for the
coset Sp(n′, 1)/Sp(n′)× Sp(1) [15][16][9][7][8][12]:
L−1∂αL = AαiT i + AαITI + VαaAKaA , (2.2a)
gαβVaA
αVbB
β = ǫ
ab
ǫ
AB
, VαaAVβ
aB = +1
2
gαβδA
B − 1
2
Fαβ
i(T i)A
B , (2.2b)
Jαβ
i = −(T i)AB(VαaBVβaA − VβaBVαaA) = −12Fαβi , (2.2c)
where TI (I = 1, 2, ···, n′(n′+1)/2) are the generators of Sp(n′), T i (i = 1, 2, 3) are the generators
of Sp(1), while KaA are the coset generators of Sp(n
′, 1)/Sp(n′)× Sp(1) [15][16]. All of
these equations involve the vielbein Vα
aA for this quaternionic Ka¨hler manifold.
With all other details of geometry skipped, our lagrangian before gaugings is [12]
e−1L0 = − 14R− 12(ψµγµνρDνψρ)− 112e−4σG2µνρ − 14e−2σ(LI aLJa + LILJ )FµνIF µν J
− 1
2
(λaγµDµλa)− 12gαβ(∂µϕα)(∂µϕβ)− 34(∂µσ)
2 − 1
2
(χγµDµχ)
− 1
2
g
αβ
(∂µφ
α)(∂µφβ)− 1
2
(ψaγµDµψa)
+ i√
2
Vα
a(ψµγ
νγµλa)∂νϕ
α +
√
3i
2
(ψµγ
νγµχ)∂νσ + iVα
aA(ψµγ
νγµψa)∂νφ
α
− i
4
√
2
e−σ(ψµγ
µνρσψν + 2ψ
ρψσ)LIFρσ
I + i
6
√
3
e−2σ(ψµγ
ρστγµχ)Gρστ
− 1
24
e−2σ(ψµγ
µνρστψν − 6ψργσψτ )Gρστ − 572e−2σ(χγµνρχ)Gµνρ
− 1
2
√
2
e−σ(ψµγ
ρσγµλa)LI
aFρσ
I − 1
2
√
6
e−σ(ψµγ
ρσγµχ)LIFρσ
I − i
12
√
2
e−σ(χγµνχ)LIFµν
I
+ i
4
√
2
e−σ(λaγµνλa)LIFµνI + 124e
−2σ(λaγµνρλa)Gµνρ + 124e
−2σ(ψaγµνρψa)Gµνρ
+ i√
6
e−2σ(χγµνλa)LI aFµνI − 14√2e−σ(ψaγµνψa)LIFµνI , (2.3)
yielding an invariant action S0 under supersymmetry
δQeµ
m = +(ǫγmψµ) , δQσ = +
i√
3
(ǫχ) ,
δQψµ
A = +Dµǫ
A + i
6
√
2
e−σ(γµρσ − 4δµργσ)ǫALIFρσI + 118e−2σ(γµρστ − 32δµργστ )ǫAGρστ ,
not to be confused each other, as long as we keep track of the context they are used.
4
δQAµ
I = − i√
2
eσLI(ǫψµ) +
1√
6
eσLI(ǫγµχ) +
1√
2
eσ(ǫγµλ
a)La
I ,
δQBµν = +e
2σ(ǫγ⌊⌈µψν⌋⌉) + i√3e
2σ(ǫγµνχ)− 2LIJA⌊⌈µ|I(δQA|ν⌋⌉J) ,
δQχ
A = − 1
2
√
6
e−σγµνǫALIFµν
I + i
6
√
3
e−2σγµνρǫAGµνρ −
√
3i
2
γµǫA∂µσ ,
δQϕ
α = + i√
2
Va
α(ǫλa) ,
δQλ
aA = − 1
2
√
2
e−σγµνǫALI aFµνI − i√2γµǫAVαa∂µϕα ,
δQφ
α = +iVaA
α(ǫAψa) ,
δQψ
a = −iVαaAγµǫA∂µφα , (2.4)
up to quartic fermion (or quadratic fermion) terms in the lagrangian (or transformation
rules). Here we have omitted the Sp(1) indices A, B, ··· in the Sp(1) -invariant products,
e.g., (ǫγmψµ) ≡ (ǫAγmψµA).
As in the usual dilaton couplings in supergravity [17], the antisymmetric field Bµν and
the vectors Aµ
I are scaled, when the dilaton σ is shifted by a constant value:
σ → σ + c , Bµν → e2cBµν , AµI → ecAµI , (2.5)
where c is an arbitrary constant parameter. This global symmetry controls the various
exponential couplings of σ in the lagrangian (2.3).
The various covariant derivatives and the field strength Gµνρ in these equations are
given by
Dµǫ
A ≡ Dµ(ω)ǫA + (∂µφα)Aαi(T i ǫ)A ,
D⌊⌈µψν⌋⌉
A ≡ D⌊⌈µ|(ω)ψ|ν⌋⌉A + (∂⌊⌈µ|φα)Aαi(T i ψ|ν⌋⌉)A ,
Dµχ
A ≡ Dµ(ω)χA + (∂µφα)Aαi(T i χ)A ,
Dµλ
aA ≡ Dµ(ω)λaA + (∂µϕα)AαabλbA + (∂µφα)Aαi(T iλa)A ,
Dµψ
a ≡ Dµ(ω)ψa + (∂µφα)AαI(T I ψ)a ,
Gµνρ ≡ 3∂⌊⌈µBνρ⌋⌉ − 3LIJF⌊⌈µνIAρ⌋⌉J , (2.6)
where Aα
ab is the composite SO(n) connection on the coset SO(n, 1)/SO(n), while
Aα
I and Aα
i are respectively the composite connections of Sp(n′) and Sp(1) in
Sp(n′, 1)/Sp(n′) × Sp(1). The action of the generators T i or T I is such as (T iǫ)A ≡
(T i)ABǫ
B
or (T Iψ)a ≡ (T I)abψb. Since we are not concerned with the quadratic fermionic
terms in the transformation rule (2.4), the Lorentz connection ωµ
rs contains the usual
unholonomy coefficients just made of the fu¨nfbeins.
Compared with the conventional formulations [6], there is a similarity as well as basic dif-
ference. The similarity is that our tensor field Bµν can be dualized into a vector field Bµ by a
5
duality transformation so that the final field content will be (eµ
m, ψµ
A, Aµ, Bµ, χ
A, σ). From
this viewpoint, our system (2.1) is ‘dual equivalent’ to the conventional formulation with only
one vector multiplet, in particular the dilaton field plays the coordinate of SO(1, 1), as usual
in superstring theory. However, the caveat at this stage is that even though such a duality
transformation is possible even after coupling vector multiplets, the resulting σ -model struc-
ture is qualitatively different from that given in the conventional formulations [6][7][9][8], as
has been also explained in our previous paper [12].
As has been also stressed in [12], the antisymmetric field Bµν and the dilaton σ are the
natural NS massless fields in superstring [10] or M-theory [18]. Therefore, it is more natural
to have a supergravity with these fields in the point field theory limit. Another advantage
of introducing an antisymmetric tensor Bµν is associated with the recent development of
non-commutative geometry in which the tensor Bµν develops certain non-trivial constant
value. We stress the fact that our supergravity multiplet contains the NS fields Bµν and σ
as irreducible component fields, indicating that our supergravity is a more natural point field
theory limit of superstring theory [10] or M-theory [18] than the conventional one [6][7][9][8].
3. Non-Abelian Gauging of Subgroup of SO(n, 1)
We next establish general non-Abelian gaugings in the presence of vector multiplets and
hypermultiplets. In this section, we consider the case that the gauged non-Abelian group
G has nothing to do with isotropy groups Sp(n′) × Sp(1) in the coset Sp(n′, 1)/Sp(n′),
but is just any other independent Lie group, which may be needed for more practical model
building. Since all the n copies of vectors in the vector multiplets together with the
graviphoton in the multiplet of supergravity form the (n+ 1) -representation of SO(n, 1) in
the coset SO(n, 1)/SO(n), we need special care for such non-Abelian gaugings. Such non-
Abelian gauging has been performed in the conventional formulation [6], as well as recent
works in [7][9][8], and in other dimensions such as in 7D [19]. In the formulation below, we
will mainly follow the notation in [19], in which the coset space formed by the scalars in
the vector multiplets is SO(n, 3)/SO(n)× SO(3). This is slightly different from our coset
SO(n, 1)/SO(n), but we still can take advantage of the similarity between them.
First of all, the non-Abelian gauge group G should be the subgroup of SO(n, 1), and
at the same time dimG = n + 1 should be satisfied, due to the coset structure to be
maintained. Second, the structure constant fIJ
K should satisfy the relationship [19]
fIJK ≡ fIJLLLK = f⌊⌈IJK⌋⌉ . (3.1)
where LIJ is the indefinite metric on SO(n, 1)/SO(n) as in section 2. This condition
is satisfied when this indefinite metric LIJ is identified with the Cartan-Killing metric
6
η
IJ
of G. To be specific, we can have G = SO(2)×H × [U(1) ]n−p+1, so that dimH =
p− 1, dimG = n+ 1, and
(LIJ) ≡ (ηIJ) = diag. (− 1, ηI′J ′ , + 1,+1, · · · ,+1) , (3.2)
where I′, J ′ = 1, 2, ···, p−1 with 1 ≤ p ≤ n+1. Also in (3.2), the first −1 is the Cartan-Killing
metric of SO(2) for the 0 -th direction in the (n + 1)-dimensions, η
I′J ′
is that of H ,
while the last (+1,+1, · · · ,+1) are the metrics for the Abelian factor groups [U(1) ]n−p+1.
In the special case of p = n+1, there is no U(1) factor group. This situation is similar to
that in [19].
For such a gauge group G, we introduce the minimal coupling with the coupling constant
g. Typically, we have [19]
Pµa ≡ LaI∂µL = −
√
2Vαa∂µϕ
α
−→ Pµa ≡ LaI(∂µLI + gfIJKAµJLK) ≡ LaIDµLI ≡ −
√
2VαaDµϕα , (3.3a)
Aµa
b ≡ (∂µϕα)Aαab
−→ Aµab ≡ Aµab + gfIJKAµILaJLKb , (3.3b)
Dµλ
aA ≡ Dµ(ω)λaA + (∂µϕα)AαabλbA + (∂µφα)Aαi(T iλa)A
−→ DµλaA ≡ Dµ(ω)λaA +AµabλbA + (∂µφα)Aαi(T iλa)A , (3.3c)
Gµνρ −→ Gµνρ ≡ 3
(
∂⌊⌈µBνρ⌋⌉ − LIJF⌊⌈µνIAρ⌋⌉J + 13gfIJKAµIAνJAρK
)
. (3.3d)
Eq. (3.3a) is none other than the standard minimal non-Abelian coupling for the adjoint
index I. Needless to say, the structure constants fIJ
K with the indices I, J, K for any of
the U(1) factor groups or SO(2) are supposed to vanish. So effectively, only the indices
I′, J ′, K ′ on fIJ
K remain. If we rewrite (3.3a) as
Pµα ≡ VaαPµa ≡ −
√
2(∂µϕ
α − gAµIξαI) ≡ −
√
2Dµϕα , (3.4)
then its comparison with (3.3a) implies that
ξαI = − 1√2fIJKV aαLaJLK , (3.5)
with the Killing vectors ξαI in the directions of the gauged group G. Eq. (3.3c) has a new
term for the non-Abelian coupling. Relevantly, we have
DµLI = PµaLIa , DµLIa = PµaLI , DµLI = −PµaLaI , DµLaI = −PµaLI . (3.6)
By defining
Cab ≡ fIJKLaILbJLK = −
√
2ξβIVβbLa
I = −Cba , (3.7)
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we have the important relationship
D⌊⌈µPν⌋⌉a = +12gFµνILI bCab , (3.8)
by the use of another identity
LI
bCab = −fIJKLaJLK , (3.9)
confirmed by (2.1). As has been already mentioned, in expressions like (3.7) - (3.9), the
structure constants fIJ
K in any directions of the U(1)’s or SO(2) are supposed to vanish,
not to mention any other ‘mixed’ directions of different groups. The same is also true for the
index I in the last term in (3.3d), in which any irrelevant component gives the vanishing
of Aµ
I . These geometrical structures are parallel to the 7D case in [19].
Note that in this non-Abelian gauging, the gaugini λaA are not in the adjoint represen-
tation, as opposed to the usual vector multiplets in higher dimensions [17], such as that in
10D with the gaugino in the adjoint representation. This is in a sense not surprising, because
the gaugino fields should form the n -representation instead of the (n+ 1) -representation
of SO(n, 1), and therefore their range of indices should differ from that of the vector fields.
This situation in 5D is similar to the original work in [6], or also in [9][19].
We next introduce the Killing vectors ξ̂αIˆ for the direction of the gauged group G. In
order to fix an invariant action, we also follow the result in [19], and we can postulate an
additional term needed in the lagrangian [19]
e−1Lg = +iageσCab(λaλb) , (3.10)
for the non-Abelian gauging, while putting no explicit 5 g -dependent terms in the transfor-
mation rules. Now the variation of Lg generates only two sorts of terms, when fermionic
cubic terms are ignored: (i) gλF -terms and (ii) gλDϕ -terms. For the term in (i), the
variation of the ψµλDϕ Noether-term is the only counter-contribution, while for the term
in (ii), the kinetic term of ϕ is the only contribution to cancel. Both of these two sectors
yield the same condition a = +2−3/2 consistently.
Armed with these preliminaries, we are ready to give the lagrangian
e−1L1 = − 14R− 12(ψµγµνρDνψρ)− 112e−4σG2µνρ − 14e−2σ(LI aLJa + LILJ )FµνIF µν J
− 1
2
(λaγµDµλa)− 12gαβ(Dµϕα)(Dµϕβ)− 34(∂µσ)
2 − 1
2
(χγµDµχ)
− 1
2
g
αβ
(∂µφ
α)(∂µφβ)− 1
2
(ψaγµDµψa)
+ i√
2
Vα
a(ψµγ
νγµλa)Dνϕα +
√
3i
2
(ψµγ
νγµχ)∂νσ + iVα
aA(ψµγ
νγµψa)∂νφ
α
5The word ‘explicit’ here implies any g-dependent term other than those hidden in the covariant deriva-
tives such as (3.3).
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− i
4
√
2
e−σ(ψµγ
µνρσψν + 2ψ
ρψσ)LIFρσ
I + i
6
√
3
e−2σ(ψµγ
ρστγµχ)Gρστ
− 1
24
e−2σ(ψµγ
µνρστψν − 6ψργσψτ )Gρστ − 572e−2σ(χγµνρχ)Gµνρ
− 1
2
√
2
e−σ(ψµγ
ρσγµλa)LI
aFρσ
I − 1
2
√
6
e−σ(ψµγ
ρσγµχ)LIFρσ
I − i
12
√
2
e−σ(χγµνχ)LIFµν
I
+ i
4
√
2
e−σ(λaγµνλa)LIFµνI + 124e
−2σ(λaγµνρλa)Gµνρ + 124e
−2σ(ψaγµνρψa)Gµνρ
+ i√
6
e−2σ(χγµνλa)LI aFµνI − 14√2e−σ(ψaγµνψa)LIFµνI
+ i
2
√
2
geσCab(λ
aλb) , (3.11)
with all of the Dµ and Gµνρ in (3.3), yielding an invariant action S1 under supersymmetry
δQeµ
m = +(ǫγmψµ) , δQσ = +
i√
3
(ǫχ) ,
δQψµ
A = +Dµǫ
A + i
6
√
2
e−σ(γµρσ − 4δµργσ)ǫALIFρσI + 118e−2σ(γµρστ − 32δµργστ )ǫAGρστ ,
δQAµ
I = − i√
2
eσLI(ǫψµ) +
1√
6
eσLI(ǫγµχ) +
1√
2
eσ(ǫγµλ
a)La
I ,
δQBµν = +e
2σ(ǫγ⌊⌈µψν⌋⌉) + i√3e
2σ(ǫγµνχ)− 2LIJA⌊⌈µ|I(δQA|ν⌋⌉J) ,
δQχ
A = − 1
2
√
6
e−σγµνǫALIFµνI + i6√3e
−2σγµνρǫAGµνρ −
√
3i
2
γµǫA∂µσ ,
δQϕ
α = + i√
2
Va
α(ǫλa) ,
δQλ
aA = − 1
2
√
2
e−σγµνǫALI aFµνI − i√2γµǫAVαaDµϕα ,
δQφ
α = +iVaA
α(ǫAψa) ,
δQψ
a = −iVαaAγµǫA∂µφα , (3.12)
Note that there is no need of any explicitly g -dependent terms in the transformation rule.
There is no potential term generated in this gauging, which is similar to the conventional
N = 2 theories in 5D [7][9][8]. Compared with [19], since our vector fields do not carry
extra Sp(1) indices, no scalar potential term is generated.
Analogous to (2.5), we have the scaling invariance of L1 when the coupling constant
g transforms as
g → e−cg , (3.13)
when the fields transform as in (2.5).
4. Sp(n′)× Sp(1) -Gauging
In our previous paper [12], we studied the gauging of SO(2) which is the subgroup
of Sp(1) in the isotropy groups Sp(n′) × Sp(1) in the coset Sp(n′, 1)/Sp(n′) × Sp(1).
Most of the geometric relationships related to the coset SO(n, 1)/SO(n) are parallel to the
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SO(2) -gauging [12], so we give important relations in such a way that the comparison with
[12] is easy to make.
Our total gauged group in this section is G = SO(2)×Sp(n′)×Sp(1)×H× [U(1) ]n−p+1,
which is a special case of the previous section. In fact, the first SO(2) is for the
I = 0 -direction for the indices I = 0, 1, ···, n+1, and the groups Sp(n′)× Sp(1) are regarded
as a special case of H ≡ Sp(n′) × Sp(1) × H for the group H in the last section, and
an arbitrary gauge group H with dimH = p − n′(2n′ + 1) − 4, such that the previous
condition dimH = p− 1 is maintained. Since the dimension p is still arbitrary, we have
enough freedom for choosing the group H for a large enough dimension of n.
Accordingly, we arrange our index convention as follows. Among the indices I, J, ··· = 0, 1, 2,
···, n for the total n+1 copies of vector fields, we use the indices I, J, ···= 1, 2, ···, n′(2n′+1) for
the adjoint representation of Sp(n′), and combine them with i, j, ··· = 1, 2, 3 for that of Sp(1),
in terms of the combined indices Iˆ ≡ (I,i), Jˆ ≡ (J,j), ··· for the gauged groups Sp(n′)×Sp(1).
For the adjoint indices for H , we use the barred ones: I, J, ··· = 1, 2, ···, p−1. As for the remain-
ing product groups SO(2)× [U(1) ]n−p+1, we do not need particular indices in this section,
so we do not specify the indices for these groups. Compared with the indices I, J, ···, all
these indices Iˆ, Jˆ, ···; I, J, ···; i, j, ···; I, J, ··· do not need distinctions of their raising/lowering
due to their positive definite metrics. Therefore their contractions are given as superscripts
like AIBI .
In our previous paper [6], the SO(2) -gauging was performed by introducing the constant
vectors V I , with the coupling constant g. In our present case of Sp(n′)× Sp(1) -gauging,
this SO(2) group is enlarged to Sp(n′) × Sp(1). In this section, we use the coupling
constant g for Sp(1), g′ for Sp(n′), and g for H. Accordingly, all the combination
of gVIAµ
Iξα in [12] will be replaced by gAµ
iξαi + g′AµIξαI , where ξαI and ξαi are the
Killing vectors for the gauged groups Sp(n′)×Sp(1) in the coset Sp(n′, 1)/Sp(n′)×Sp(1).
Accordingly, the covariant derivatives on Sp(1) non-invariant fermions acquire the
Sp(1) minimal couplings in addition to the Dµ’s or ∂µϕ
α in section 2 as
Dµǫ
A −→ DµǫA ≡ Dµ(ω)ǫA + (Dµφα)Aαi(T i ǫ)A + gAµi(T i ǫ)A , (4.1a)
D⌊⌈µψν⌋⌉
A −→ D⌊⌈µψν⌋⌉A ≡ D⌊⌈µ|(ω)ψ|ν⌋⌉A + (D⌊⌈µ|φα)Aαi(T iψ|ν⌋⌉)A + gA⌊⌈µ|i(T iψ|ν⌋⌉)A , (4.1b)
Dµχ
A −→ DµχA ≡ Dµ(ω)χA + (Dµφα)Aαi(T iχ)A + gAµi(T iχ)A , (4.1c)
Dµλ
aA −→ DµλaA ≡ Dµ(ω)λaA +AµabλbA + (Dµφα)Aαi(T iλa)A + gAµi(T iλa)A ,(4.1d)
∂µϕ
α −→ Dµϕα ≡ ∂µϕα −AµI ξ̂αI , (4.1e)
Dµψ
a −→ Dµψa ≡ Dµ(ω)ψa + (Dµφα)AαI(T I ψ)a + g′AµI(T Iψ)a , (4.1f)
∂µφ
α −→ Dµφα ≡ ∂µφα − g′AµIξαI − gAµiξαi ≡ ∂µφα − AµIˆ ξ̂αIˆ , (4.1g)
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with the generalized Killing vectors
ξ̂αI ≡

ξ̂αIˆ ≡
{
ξ̂αI ≡ g′ξαI (for Sp(n′)) ,
ξ̂αi ≡ gξαi (for Sp(1)) ,
0 (otherwise) .
(4.2)
For example, an expression like ξ̂αIL
I actually means ξ̂αIL
I ≡ ξ̂αIˆLIˆ ≡ g′ξαILI + gξαiLi.
The absence of the component ξ̂αJ is understood from the fact that the group H has
nothing to do with the coset Sp(n′, 1)/Sp(n′) × Sp(1). In (4.1), all the terms other than
explicit g -terms are just the previous covariant derivatives in (2.6) in which ∂µφ
α is replaced
by Dµφα, and the matrices T Iˆ are the anti-hermitian generator of Sp(n′)× Sp(1), as its
index Iˆ reveals. This structure is similar to the models in [6][7][9][8].
The covariance of the derivatives in (4.1) are confirmed by considering the transformations
of these fields under the gauged groups G ≡ SO(2)× Sp(n′) × Sp(1) × H × [U(1) ]n−p+1,
such as
δGφ
α = +αI ξ̂αI , δGAµ
I = ∂µα
I + f̂JK
IAµ
JαK ≡ DµαI , (4.3a)
δGξ̂
α
I = α
J ξ̂βI(∂β ξ̂
α
J)− f̂IJKαJ ξ̂αK , (4.3b)
δG(Dµφα) = αI(Dµφα)(∂β ξ̂αI) , (4.3c)
for the local parameters αI for the gauged groups in G, and the structure constants
f̂IJ
K ≡

f̂ Iˆ JˆKˆ =
{
f̂ IJK = g′f IJK (for Sp(n′)) ,
f̂ ijk = gǫijk (for Sp(1)) ,
f̂ IJK = gf IJK (for H) ,
0 (otherwise) ,
(4.4a)
f̂IJK ≡ f̂IJLLLK = f̂⌊⌈IJK⌋⌉ , (4.4b)
for the respective structure constants for Sp(n′), Sp(1) and H in the combined notation.
Since the SO(2) group in the negative metric 0 -th direction is Abelian, it does not enter
(4.4), and therefore we do not need to distinguish the super/subscripts on the r.h.s. of (4.4a).
The field strength (3.3d) should be also modified by all the non-Abelian couplings:
Gµνρ ≡ 3
(
∂⌊⌈µBνρ⌋⌉ − LIJF⌊⌈µνIAρ⌋⌉J + 13 f̂IJKAµIAνJAρK
)
. (4.5)
The commutator of two covariant derivatives acting on ǫA provides certain important
geometric quantity in our system:
⌊⌈Dµ,Dν⌋⌉ǫA = − 14RµνmnγmnǫA + (D⌊⌈µ|φα)(D|ν⌋⌉φβ)Fαβi(T iǫ)A − Fµν IˆĈ iIˆ(T iǫ)A , (4.6)
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where the function Ĉ iIˆ is defined by
Ĉ iJ ≡

Ĉ iJˆ =
{
Ĉ iJ ≡ g′C iJ ≡ g′AαiξαJ (for Sp(n′)) ,
Ĉ ij ≡ gC ij ≡ g(Aαiξαj − δij) (for Sp(1)) ,
0 (otherwise) ,
(4.7)
which is analogous to the N = 2 case in 6D [16], or our combination Ĉ iJˆT i is an
analog of PIi
j in the notation in [9]. The component Ĉ ij in (4.7) implies that all
the terms with gT 2VI in [12] should be replaced by − T iĈ iI , when we gauge G ≡
SO(2) × Sp(n′) × Sp(1) × H × [U(1) ]n−p+1 instead of SO(2) in [12]. Some illustrative
examples of the replacements of the terms in [12] are given by
+gT 2VI −→ − T iĈ iI , (4.8a)
+gξαVI −→ + ξ̂αI , (4.8b)
+ i
2
√
2
geσ(ψµγ
µνT2ψν)VIL
I −→ − i
2
√
2
eσ(ψµγ
µνTiψν)Ĉ
i
IL
I , (4.8c)
−1
8
g2e2σVIVJL
IJ −→ − 1
8
Ĉ iIĈ
i
JL
IJ . (4.8d)
Needless to say, when the gauged group is truncated from G ≡ SO(2)× Sp(n′)× Sp(1)×
H × [U(1) ]n−p+1 back into SO(2) with the VI ’s as in [12], then all the r.h.s. in (4.8) go
back to their l.h.s. This can provide a good confirmation at various stages of computations,
in particular the invariance check of total action under supersymmetry. Due to the indefinite
metric involved, special care is needed for the contraction of the I -indices here, while the
ups/downs of the index i does not matter. Relevantly, we can define the covariant derivative
on Ĉ iIˆ as
DαĈ
iJˆ ≡ ∂αĈ iJˆ + ǫijkAαjĈkJˆ , (4.9)
so that
DµĈ iIˆ ≡ ∂µĈ iIˆ + gǫijkAµjĈkIˆ + f̂ Iˆ JˆKˆAµJˆ Ĉ iKˆ + ǫijk(Dµφα)AαjĈkIˆ
= (Dµφα)(DαĈ iIˆ) . (4.10)
To confirm the last equality, we need the relationship
ξ̂αIˆ∂αĈ
iJˆ = f̂ Iˆ JˆKˆĈ iKˆ + f̂ IˆikĈkJˆ , (4.11)
derived from the Lie derivatives
L
ξ̂Iˆ
ξ̂αJˆ ≡ ξ̂βIˆ∂β ξ̂αJˆ − ξ̂βJˆ∂β ξ̂αIˆ = f̂ IˆJˆKˆ ξ̂αKˆ ,
L
ξ̂Iˆ
Aα
i ≡ ξ̂βIˆ∂βAαi − (∂αξ̂βIˆ)Aβi = f̂ IˆijAαj . (4.12)
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Note that as in the 6D case in [16], there is no term with f̂ JˆKˆLˆAα
Kˆ needed in (4.9), in
order to be consistent with supersymmetry of the action. Other important corollaries with
these Ĉ’s are such as
DαĈ
iIˆ = ξ̂βIˆFαβ
i , ξ̂αIˆDαĈ
iIˆ ≡ 0 , (4.13)
which have parallel structures as in the 6D case [16].
The most crucial relationship involving Ĉ iJ in our system is the constraint required by
the supersymmetric invariance of the total action, needed for the consistency between the
two cosets SO(n, 1)/SO(n) and Sp(n′, 1)/Sp(n′)× Sp(1):
Fαβ
iξ̂αI ξ̂
β
J − ǫijkĈjIĈkJ − f̂IJKĈ iK = 0 . (4.14)
This constraint is required by the cancellation of λ -linear terms with the structure
(ǫT iλ) with one T i -generator sandwiched. This constraint is also analogous to eq. (3.15)
in [9], or to eqs. (2.21) - (2.24) in [8]. The necessity of such a constraint is natural from
the fact that the vector fields Aµ
I in our system are both in the (n+ 1) -representation of
SO(n, 1) and the adjoint representations of the gauged groups in G at the same time. And
therefore their mutual consistency, in particular, under supersymmetry requires such a con-
straint. It is taken for granted that in (4.14), there are many trivially vanishing components
for each terms depending on the combination of the adjoint indices. For example, according
to (4.4), the structure constants f̂IJ
K vanishes identically for any U(1) -directions, or for any
‘mixed’ directions of different gauge groups. However, note that the first term in (4.14) does
not automatically vanish for such ‘mixed’ directions. Our previous SO(2) gauging in [12]
also satisfies (4.14) trivially, because the last two terms vanish, while ξ̂αI → gξαVI makes
the first term vanish, too.
The tensor Cab in (3.7) is also redefined in terms of f̂IJ
K by
Ĉab ≡ f̂IJKLaILbJLK = −Ĉba . (4.15)
With these preliminaries, we now give our lagrangian6
e−1L2 = − 14R− 12(ψµγµνρDνψρ)− 112e−4σG2µνρ − 14e−2σ(LIaLJa + LILJ )FµνIF µν J
− 1
2
(λaγµDµλa)− 12gαβ(Dµϕα)(Dµϕβ)− 34(∂µσ)
2 − 1
2
(χγµDµχ)
− 1
2
g
αβ
(Dµφα)(Dµφβ)− 12(ψaγµDµψa)
+ i√
2
Vα
a(ψµγ
νγµλa)Dνϕα +
√
3i
2
(ψµγ
νγµχ)∂νσ + iVα
aA(ψµγ
νγµψa)Dνφα
6We mention the errors in signatures of terms in our previous paper [12]. The sign errors in the g-linear
lagrangian (4.2) and g-linear transformation rule (4.3) in [12] are now corrected in (4.16) and (4.17).
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− i
4
√
2
e−σ(ψµγ
µνρσψν + 2ψ
ρψσ)LIFρσ
I + i
6
√
3
e−2σ(ψµγ
ρστγµχ)Gρστ
− 1
24
e−2σ(ψµγ
µνρστψν − 6ψργσψτ )Gρστ − 572e−2σ(χγµνρχ)Gµνρ
− 1
2
√
2
e−σ(ψµγ
ρσγµλa)LI
aFρσ
I − 1
2
√
6
e−σ(ψµγ
ρσγµχ)LIFρσ
I − i
12
√
2
e−σ(χγµνχ)LIFµν
I
+ i
4
√
2
e−σ(λaγµνλa)LIFµνI + 124e
−2σ(λaγµνρλa)Gµνρ + 124e
−2σ(ψaγµνρψa)Gµνρ
+ i√
6
e−2σ(χγµνλa)LI aFµνI − 14√2e−σ(ψaγµνψa)LIFµνI
+
[
− i
2
√
2
eσ(ψµγ
µνT iψν)Ĉ
i
IL
I + 1√
2
eσ(ψµγ
µT iλa)Ĉ iILa
I
+ i
2
√
2
eσ(λ
a
T iλa)Ĉ
i
IL
I + 2i√
6
eσ(χT iλa)Ĉ iILa
I
− i
6
√
2
eσ(χT iχ)Ĉ iIL
I + 1√
6
eσ(ψµγ
µT iχ)Ĉ iIL
I
+
√
2ieσ(ψaλaA)VαaAξ̂
α
ILa
I + 1√
2
eσ(ψµ
Aγµψa)VαaAξ̂
α
IL
I
+ 2i√
6
eσ(χAψa)VαaAξ̂
α
IL
I + i
4
√
2
eσ(ψaψb)Va
BαVβbB(Dαξ̂
β
I)L
I + i
2
√
2
eσĈab(λ
aλb)
]
+
[
− 1
8
e2σĈ iIĈ iJLIJ − 14e2σ ξ̂αI ξ̂αJLILJ
]
, (4.16)
where the penultimate pair of the square brackets [ ] is for the terms at O(g˜ ), while the
last pair is for the terms at O(g˜ 2), where g˜ is any minimal coupling constant for gaugings
among g, g′ or g. This is because Ĉ iI , Ĉab and ξ̂αI are all at O(g˜ ). Our lagrangian
(4.16) yields an action S2 invariant under supersymmetry
δQeµ
m = +(ǫγmψµ) , δQσ = +
i√
3
(ǫχ) ,
δQψµ
A = +DµǫA + i6√2e−σ(γµρσ − 4δµργσ)ǫALIFρσI + 118e−2σ(γµρστ − 32δµργστ )ǫAGρστ
− i
3
√
2
eσ(γµT
iǫ)AĈ iIL
I ,
δQAµ
I = − i√
2
eσLI(ǫψµ) +
1√
6
eσLI(ǫγµχ) +
1√
2
eσ(ǫγµλ
a)La
I ,
δQBµν = +e
2σ(ǫγ⌊⌈µψν⌋⌉) + i√3e
2σ(ǫγµνχ)− 2LIJA⌊⌈µ|I(δQA|ν⌋⌉J) ,
δQχ
A = − 1
2
√
6
e−σγµνǫALIFµνI + i6√3e
−2σγµνρǫAGµνρ −
√
3i
2
γµǫA∂µσ +
1√
6
eσ(T iǫ)AĈ iIL
I ,
δQϕ
α = + i√
2
Va
α(ǫλa) ,
δQλ
aA = − 1
2
√
2
e−σγµνǫALI aFµνI − i√2γµǫAVαa∂µϕα + 1√2eσ(T iǫ)
AĈ iIL
aI ,
δQφ
α = +iVaA
α(ǫAψa) ,
δQψ
a = −iVαaAγµǫADµφα − 1√2eσǫBVβaB ξ̂βILI , (4.17)
Similarly to the SO(2) -gauging [12], the potential term is positive definite, except for
the term with LI ≡ LI (0) in LIJ = LaILJa − LILJ [6][7][9][8][12]:
Vpot = +
1
8
e2σĈ iIĈ iJLIJ +
1
4
e2σ ξ̂α
I ξ̂αJLILJ . (4.18)
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As in section 3, our lagrangian L2 has the scaling invariance when g, g′ and g transform
like
g → e−cg , g′ → e−cg′ , g → e−cg ,
Ĉ iI → e−cĈ iI , ξ̂αI → e−cξ̂αI , Ĉab → e−cĈab , (4.19)
in addition to (2.5).
Similarly to the 6D case with the Sp(n′) × Sp(1) -gauging [16], any subgroup of these
gauge groups can be also gauged consistently with supersymmetry, even though the details
of its process are skipped here. In such a case, the indices I, J, ··· and i, j, k are to
be replaced by the corresponding indices of such gauged subgroups. In particular, for the
SO(2) subgroup gauging out of the Sp(1) above, only the second direction 2 out of the
original indices i, j, k is relevant, so that we can use the notation such as T2 as in [12].
As the SO(2) -gauging described in [12] or in [6][7][9][8], we can combine the products of
U(1) groups, by introducing the constant couplings VI (I, J, ··· = 0, 1, 2, ···, n), as a slight
generalization of the single SO(2) subgroup gauging. In any of these cases, our results
above are formally valid, and only the interpretation or the range of indices are changed.
5. Alternative N = 2 Supergravity in Singular 5D Space-Time
As has been developed in [1][2] for the conventional N = 2 supergravity [6][7][9],
we can generalize our alternative N = 2 supergravity into singular 5D space-time, as
supersymmetrization of Randall-Sundrum brane-world scenario [3].
As in our previous paper [12], we follow the prescription in [2] designed for the case of
Abelian SO(2) gauging for the singular 5D space-time with the orbifold-type singularity
of S1/ZZ2. However, since our present total gauged group is non-Abelian: G = SO(2) ×
Sp(n′)× Sp(1)×H × [U(1) ]n−p+1 which is much bigger than just SO(2), we need special
care when applying the method in [2].
We start with fixing the bulk 5D space-time action Sbulk before considering the singu-
larity. Mimicking the Abelian case [2], we first replace the original Sp(1) -gauging coupling
constant g everywhere in L2 by a space-time-dependent real scalar field G(x), and
then introduce a fourth-rank antisymmetric tensor potential Aµνρσ, with a new term in the
lagrangian [2]
SAG ≡
∫
d5xLAG ≡
∫
d5x
(
1
24
ǫµνρστAµνρσ∂τG
)
. (5.1)
The reason we replace only g by G(x) is that this coupling is for the Sp(1) group that
can contain the SO(2) subgroup in our previous case [12] which is analogous to the Abelian
group in [2]. The scalar field G(x) has inherited the scale transformation property from
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the coupling constant g → e−cg under the scaling transformation (2.5). Accordingly, for
the action SAG to be also invariant under this scale transformation, Aµνρσ should be also
rescaled as
G→ e−cG , Aµνρσ → ecAµνρσ . (5.2)
when other fields and constants are transforming like (2.5) and (4.19) except for g now
replaced by G.
The total 5D bulk action is now Sbulk ≡ S2 + SAG ≡
∫
d5x (L2 + LAG). Here S2 is
no longer invariant under supersymmetry, but has terms proportional to ∂µG, which is
supposed to be cancelled by the variation of SAG [1][2]. There are eight sectors contributing
to such ∂µG -dependent terms out of L2 after the replacement g → G(x): (i) gravitino
kinetic term, (ii) (ψµλ)Dϕ -Noether term, (iii) (ψµχ)Gνρσ -Noether term, (iv)
(ψµψν)Gρστ -Noether term, (v) (ψµψν)Ĉ -term, (vi) (ψµλ)Ĉ -term, (vii) (ψµχ)Ĉ -term,
(viii) (ψµψ
a)Ĉ -term. The terms (i) - (iv) contribute, when a derivative Dµ hits either
some covariant derivatives or field strengths, after a partial integration of the contribution
δQψµ ≈ Dµǫ, while (v) - (viii) terms contribute, when the derivative hits hatted quantities
Ĉ iJ or ξ̂αI . All of these terms containing the derivative ∂µG, are therefore cancelled by the
appropriate supersymmetry transformation δQAµνρσ in δQLAG. If we restrict ourselves to
the case of linear order supersymmetry transformation of δQAµνρσ,
7 then we easily see that
only (v) - (viii) terms contribute. For example, (iii) term contributes the cubic combination
ǫijkAν
iAρ
jAσ
k coming from the Chern-Simons term in Gµνρ, and such terms are omitted
from now on. After these considerations, we get
δQ
(
L2
∣∣∣
g→G
)
= 1
24
ǫµνρστ
[
+ 2
√
2eσ(ǫγ⌊⌈µνρ|T
iψ|σ⌋⌉)C
ijLj + i√
2
eσ(ǫγµνρσT
iλa)C ijLa
j
+ i√
6
eσ(ǫγµνρσT
iχ)C ijLj + i√
2
eσ(ǫγµνρσψ
a)VαaAξ
αiLi
]
∂τG , (5.3)
up to cubic or higher order terms. Note that there are no hats on C ij and ξαi here,
and Li is the I = i component of LI . Eq. (5.3) is supposed to be cancelled by the new
supersymmetry transformation rule δQAµνρσ in δQLAG:8
δQAµνρσ = − 2
√
2eσ(ǫγ⌊⌈µνρ|T
iψ|σ⌋⌉)C
ijLj − i√
2
eσ(ǫγµνρσT
iλa)C ijLa
j
− i√
6
eσ(ǫγµνρσT
iχ)C ijLj − i√
2
eσ(ǫγµνρσψ
a)VαaAξ
αiLi + (quadratic terms) . (5.4)
The fact that the C’s and ξ’s here have no hats is consistent with the scaling property
(5.2). As the standard first step of this prescription [2], we require δQG = 0, so that there
7The word ‘linear’ here does not include the quantities CiJ or ξαI . This is because in the reduced case
of Abelian SO(2)-gauging, Cij is reduced to be a constant, while since Cij has the part Aα
iξαj , and
therefore it is more convenient to regard the ξ’s as the same order as the C’s itself.
8The previously-mentioned correction of sign errors in (4.2) in [12] leads to the corrected signs for the
first and third terms both in (5.3) and (5.4).
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is no other contribution from δQLAG. Our previous result [12] can be recovered easily by
truncating ψa → 0 and reducing C22 = −1, C ij (otherwise) = 0. Now our action Sbulk is
invariant under (5.4), δQG = 0 and (4.17) with g → G.
Since we are now dealing with the prescription in [2] originally designed for Abelian gaug-
ing without hypermultiplets, applied to our non-Abelian gauging also with hypermultiplets,
it is better to confirm the closure of supersymmetry on the field Aµνρσ by the commutator
⌊⌈δQ(ǫ1), δQ(ǫ2)⌋⌉ = δP (ǫ2γmǫ1) acting on Aµνρσ, where δP (ηm) implies the translation oper-
ator. In what follows, we confirm this closure up to quadratic field level. The linear terms in
this commutator are composed of six sectors: Fµν , Gµνρ, ∂σ, ∂ϕ, ∂φ -linear sectors, and
Ĉ2 or ξ̂2 -terms. Here, the first four sectors work with no problem, while the ∂φ -linear
sector needs special care. To be more specific, we get
⌊⌈δQ(ǫ1), δQ(ǫ2)⌋⌉Aµνρσ
∣∣∣
∂φ
= − e−1eσǫµνρστ
[
1
2
(ǫ1ǫ2)L
i
]
ξ̂α
iDτφα
− 2ieσ(ǫ2γ⌊⌈µνρ|T iǫ1)FαβiξαjLjD|σ⌋⌉φβ , (5.5)
where the last term can be interpreted just as the usual desirable gauge transformation of
the type ∂⌊⌈µΛνρσ⌋⌉ up to quadratic terms, while the first term needs special care. This term
is actually interpreted as an Sp(1) gauge transformation of Aµνρσ. Even though this seems
slightly bizarre at first sight, it can be easily understood, once we notice that the φα -kinetic
term is no longer Sp(1) invariant after the replacement g → G(x). In fact, after this
replacement, (4.3c) is to be modified as
δG(Dµφα) = αI(Dµφα)(∂β ξ̂αI) + αiξαi∂µG , (5.6)
with the new effect of ∂G, while all other equations in (4.3) are ‘formally’ intact. This
results in the non-trivial contribution of the φ -kinetic term under the gauge transformation
δG:
δG
[
− 1
2
egµνgαβ(Dµφα)(Dνφβ)
]
= 1
24
ǫµνρστ
[
e−1ǫµνρσω αiξαi (Dωφα)
]
∂τG , (5.7)
It is now clear that this contribution can be cancelled by an extra transformation δGAµνρσ via
LAG, such that
δGAµνρσ = −e−1ǫµνρστ αiξαiDτφα . (5.8)
In other words, when we identify αi ≡ (1/2)(ǫ2ǫ1)Li in (5.5), then the first term in (5.5) is
absorbed into the Sp(1) gauge transformation.
Even though the result that the tensor potential field Aµνρσ is transforming under the
gauge group Sp(1) seems unnatural at first glance, this is nothing new in supergravity. In
fact, in [2] it was pointed out that the original action S2 is no longer R -invariant, i.e., in our
17
case Sp(1) non-invariant producing a quadratic terms in fermions after the replacement
g → G(x).9 Analogous situation can be found in Green-Schwarz mechanism in anomaly
cancellation in the usual formulation [20][10] or in the dual formulation [21], in which the
tensor field Bµν or Mµ1···µ6 transforms under Lorentz as well as gauge transformation, as
the zero-slope limit effect of superstring theory.
Going back to our closure question, the only left over sector is the Ĉ2 and ξ̂2 -terms
which turn out to be
⌊⌈δQ(ǫ1), δQ(ǫ2)⌋⌉Aµνρσ
∣∣∣
Ĉ2
= 1
4
ǫµνρστ e
2σητ (C ijĈ iKL
jK + 2ξα
iξ̂αJL
iLJ) , (5.9)
where ητ ≡ (ǫ2γτǫ1). If this system is analogous to the Abelian case [2][12], these two terms
are supposed to be proportional to ητFτµνρσ, upon the use of G -field equation, for the field
strength of the potential Aµρστ : Fµνρστ ≡ 5∂⌊⌈µAνρστ⌋⌉. In fact, the G -field equation is easily
obtained as
Fµνρστ =
1
4
e−1e2σǫµνρστ (C ijĈ iKLjK + 2ξαiξ̂αJLiLJ) , (5.10)
up to quadratic terms. After simple algebra, it is easy to show that (5.9) is desirably
proportional to ητFτµνρσ which is equivalent to the combination of the usual translation
δP (η
τ )Aµνρσ accompanied by a gauge transformation. This conclude the linear-order closure
of supersymmetry on Aµνρσ, which provides a non-trivial consistency check of our system
with Sbulk, in particular with non-Abelian gauged groups.
We next consider a possible brane action Sbrane to be added. To this end, and for the
reason to be clarified later, we truncate the hypermultiplets (φα, ψa), and we restrict the
gauged group to be SO(2) out of the Sp(1) isotropy group in the coset Sp(n′, 1)/Sp(n′)×
Sp(1). We do not have to restrict other gauged groups in G, but it is only SO(2) out of
the Sp(1) group to be gauged.
We next assume that the branes are located at y ≡ x5 = 0 and y = b > 0 in
the 5-th dimension, requiring all the fields to obey the usual periodic boundary condition
f(−b) = f(0) = f(b). Subsequently, we assign the parities under y ↔ −y on the branes on
all the fields in our system, following [1][2]:
Π(e˜µ
m) = Π(e5
(5)) = Π(A5
I) = Π(σ) = Π(ϕα) = Π(Aµνρσ) = Π(ψµ) = Π(ǫ) = +1 , (5.11a)
Π(e5
m) = Π(eµ
(5)) = Π(Aµ
I) = Π(G) = Π(ψ5) = Π(λ
a) = Π(χ) = −1 , (5.11b)
where e˜µ
m denotes the 4D part of the fu¨nfbein. The parity for an arbitrary bosonic (Φ) or
fermionic (Ψ) field is defined by [1][2]
Φ(−y) = Π(Φ)Φ(y) , Ψ(−y) = iαΠ(Ψ) γ5T 2Ψ(y) . (5.12)
9These terms did not matter in our treatment, because we are looking into only linear terms in the
transformation rule of δQAµνρσ .
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Here the real constant α = ±1 reflects the signature ambiguity, but its sign should be
common to all the fermions [1][2].
We now consider the brane action
Sbrane ≡ −2h
∫
d5x [ δ(y)− δ(y − b) ]
[
1√
2
ae˜eσVIL
I + 1
24
ǫµνρσ5Aµνρσ
]
≡
∫
d5xLbrane , (5.13)
where h, a are real constants with |a| = 1, and e˜ is the 4D part of the determinant of
the fu¨nfbein, while ǫµνρσ5 is the τ = 5 component of ǫµνρστ . The exponential factor eσ is
needed for invariance of Sbrane under supersymmetry, as will be seen.
10 In order for the
action Sbrane to be invariant under the scaling transformation (5.2), the constant h should
also be rescaled as
h→ h−c . (5.14)
when other fields and constants are transforming like (2.5) and (4.17), except for g replaced
by G.
The action Sbrane modifies the Aµνρσ -field equation from the original one ∂µG = 0 into
∂5G(x) = 2h[ δ(y)− δ(y − b) ] , ∂µG = 0 (for µ 6= 5) . (5.15)
The solution for this field equation is [1][2]
G(x) = G(y) = h ǫ(y) =
{
+h (for 0 < y < +b) ,
−h (for − b < y < 0) . (5.16)
This gives the desirable kinks for the SO(2) coupling ‘constant’ G(x) [1][2].
We now take the variation of δQSbrane under supersymmetry (4.15) and (5.4) for δQAµνρσ:
δQLbrane = − 2h[ δ(y)− δ(y − b) ] 1√2 a e˜eσ [ (ǫγµψµ)− ia−1(ǫγµγ5T 2ψµ) ]VILI
− 2h[ δ(y)− δ(y − b) ] i√
2
a e˜ǫσ [ i(ǫλa)− a−1(ǫγ5T 2λa) ]VILaI
− 2h[ δ(y)− δ(y − b) ] i√
6
a e˜ǫσ [ i(ǫχ)− a−1(ǫγ5T 2χ) ]VILI , (5.17)
Comparing these three lines with (5.12), we see that if
a = α = ±1 , (5.18)
then (5.17) is simplified to be
δQLbrane = − 2h[ δ(y)− δ(y − b) ] 1√2 ae˜(y) eσ(y) ǫ(y)γm [ψm(y)− ψm(−y) ]VILI(y)
− 2h[ δ(y)− δ(y − b) ] i√
2
ae˜(y) eσ(y) ǫ(y) [λa(y)− λa(−y) ]VILaI(y)
− 2h[ δ(y)− δ(y − b) ] i√
6
ae˜(y) eσ(y) ǫ(y) [χ(y)− χ(−y) ]VILI(y) , (5.19)
10This factor was not considered in [12].
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where each line vanishes after the
∫
dy -integration, under the periodic boundary condition
f(−b) = f(0) = f(b) for an arbitrary field f(y) in (5.19). This concludes the proof of the
invariance
δQSbrane = 0 , (5.20)
and therefore that of the total action Stotal ≡ S2
∣∣∣
g→G+SAG+Sbrane for the SO(2) -gauging
in the absence of hypermultiplets.
Let us briefly comment on the difficulty of the brane mechanism with the gauging
Sp(1) or with hypermultiplets. The difficulty with the Sp(1) -gauging is that we do not
have a good analog of VIL
I we can use as the first term in Sbrane as an invariant quantity.
This is because δQAµνρσ in (5.4) with general T
i matrices with general index i can not
cancel the variation δQe˜ = e˜(ǫγ
µψµ)+ · · · considering the parity (5.12). As for the inclusion
of the hypermultiplets, the ψa -dependent term in δQAµνρσ yields
δQ(
1
24
ǫµνρστAµνρσ)
∣∣∣
ψa
= 1√
2
eσ(ǫγ5ψ
a)VαaAξ
α2L2 , (5.21)
via Sbrane. The trouble here is that there seems to be no invariant lagrangian that will
cancel (5.21). For example, a quantity like φαξα
2L2 is not appropriate, because of its lack
of gauge invariance under (4.3). From these viewpoints, we seem to have no generalization
of the brane action Sbrane (5.13), when Sp(1) is gauged and/or the hypermultiplets are
included.
The brane action Sbrane we gave here is supposed to be the simplest one based on
[2], among other potentially possible lagrangians invariant under local supersymmetry in
singular 5D space-time [1]. However, we stress that our alternative N = 2 supergravity in
5D is equally applicable to these formulations, as well.
6. Concluding Remarks
In this paper, we have completed the non-Abelian gauging of our alternative N =
2 supergravity to n copies of vector multiplets in 5D, and n′ copies of hypermultiplets,
with a simpler coupling structure compared with the conventional supergravity [6][7][9][8],
up to quartic fermion terms in the action. Our result is the combination of considerable
works on supergravity couplings in the past, such as vector multiplet couplings in 9D case
with the scalars forming the coset SO(n, 1)/SO(n) [13][14], together with the scalars in
the hypermultiplets forming the quaternionic Ka¨hler manifold in N = 2 supergravity in
4D [15] and in 5D [6][7][9][8] as well as in 6D [16].
As in 9D [13], the scalars in the vector multiplets form the coordinates of the σ -model
for the non-Jordan family scalar coset Hn ≡ SO(n, 1)/SO(n), and the vector fields with the
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total number n+1 form the (n+ 1) -representation of SO(n, 1), while the gaugini λa form
the n -representation of SO(n). The scalars in the hypermultiplets form the σ -model on
the quaternionic Ka¨hler manifold Sp(n′, 1)/Sp(n′)× Sp(1).
Our result is valid for any arbitrary gauge groups of the type G ≡ SO(2) × Sp(n′) ×
Sp(1)× H × [U(1) ]n−p+1 for any arbitrary group H with dimH = p − n′(2n′ + 1) − 4,
and Sp(n′) × Sp(1) are the isotropy groups of the coset Sp(n′, 1)/Sp(n′)× Sp(1), with a
peculiar potential term in the lagrangian. Accordingly, we have obtained a crucial constraint
(4.14) required by consistency between the two different cosets under supersymmetry. This
constraint relates the Sp(1) curvature Fαβ
i and the Ĉ iJ -functions, whenever a non-
Abelian group in the isotropy groups Sp(n′) × Sp(1) is gauged. Moreover, the isotropy
groups Sp(n′)×Sp(1) can be also reduced into their subgroups, e.g., Sp(1)×SO(2), where
Sp(1) ⊂ Sp(n′), SO(2) ⊂ Sp(1). This a generalization of our previous paper [12], in which
we gauged only the SO(2) subgroup of Sp(1) ⊂ Sp(n′) × Sp(1). Therefore, by adjusting
the parameters n, n′ and p for dimensions appropriately, our results in this paper are
considerably general, and cover a wide range of combinations of gauged groups.
Since there are two non-trivial coset structures SO(n, 1)/SO(n) and Sp(n′, 1)/Sp(n′)×
Sp(1) present in our system, our vector fields Aµ
I for gaugings are both in the
(n+ 1) -representation of SO(n, 1) and in the adjoint representations of the gauged groups
in G at the same time. The mutual consistency of these two structures under supersym-
metry requires the constraint (4.14) which corresponds to analogous equations in [9][8].
Even though we did not perform explicitly in this paper, we can also combine any
Abelian factor groups [U(1) ]n−p+1, by introducing constant vectors VI , as has been done in
[6][7][9][8][12]. This provides another freedom for practical applications for phenomenological
model building.
We have also generalized this result to the case of singular 5D space-time for the case
of SO(2) -gauging as a supersymmetric Randall-Sundrum brane-world scenario [3] similar
to the conventional 5D supergravity [1][2]. We have applied the prescription in ref. [2] in
order to confirm the supersymmetry of our brane action with the singularity of the type
S1/ZZ2. We have also seen some difficulty, when the gauged group is Sp(1) larger than its
subgroup SO(2), or when the hypermultiplets are present. As far as the formulation for
singular space-time is concerned, there seems to be no fundamental difference between our
alternative supergravity and the conventional one [6][7][9][8].
For some readers who wonder why our ‘larger’ supergravity multiplet [12] has never been
studied as a special case in the conventional and ‘exhaustively’ studied formulation [6][7][9][8],
we repeat the following points already given in [12]: The original result in [6] was presented
before the discovery of the importance of superstring in 1984 [10], so that there was no strong
motivation to include the dilaton or antisymmetric tensor fields, which are important NS
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fields in terms of superstring language. To put it differently, it is only superstring [10] or
M-theory [18] that motivates the peculiar couplings of dilaton and antisymmetric tensor to
supergravity, as we have done in the present paper.
Even though we have stressed the difference of our formulation from other general matter
couplings in [6][7][9][8], it is fair to point out some similarities. For example, we expect it
possible to generalize the number of the additional tensor fields Bµν in addition to the one
in the supergravity multiplet with a σ -model structure similar to that presented in [7][9][8].
However, we also emphasize that our antisymmetric tensor Bµν is still to be distinguished
from these additional ones which always appear in pairs [7][9][8]. This situation is analogous
to our dilaton σ as another NS field separated from other scalar fields.
We believe that our result in this paper will be of great help for the study of the Randall-
Sundrum brane-world scenario [3] associated with superstring theory and M-theory.
We are grateful to J. Bagger, A. Ceresole, G. Dall’Agata, S.J. Gates, Jr., M. Gu¨naydin,
R. Kallosh, E. Sezgin, P.K. Townsend and M. Zucker for helpful discussions.
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Appendix A: Notations and Conventions
In this Appendix, we deal with important notations and conventions in our pa-
per. Typically, our indices µ, ν, ··· = 0, 1, ···, 4 are for the curved world indices, and
m, n, ··· = (0), (1), ···, (4) are local Lorentz indices with the metric (η
mn
) = diag. (−,+,+,+,+),
and ǫ012345 = +1. Most frequently used relevant relations are such as
ǫm1···m5−n r1···rn ǫ
r1···rn n1···n5−n = −(n!) [(5− n)!] δ⌊⌈m1 ⌊⌈n1 · · · δm5−n⌋⌉n5−n⌋⌉ , (A.1a)
ǫm1···m5−n n1···nn γn1···nn = i (−1)n(n−1)/2 (n!) γm1···m5−n . (A.1b)
As the most important notational preparation, we first deal with the fermions in our
5D with the signature (−,+,+,+,+). In this paper, we refer the reader to the general
description of arbitrary fermions in diverse space-time dimensions [17]. Using the notation
in [17], we start with the number of space and time dimensions together with the parameters
ǫ and η that control the properties of fermions [17]:
s = 4 , t = 1 , ǫ = −1 , η = −1 , (A.2)
We next define the complex conjugations by [17]
ψ†A = ǫABBψB , ψB = −B−1ǫBAψ†A , (A.3)
with the Sp(1) metric ǫAB = −ǫBA [22][17]. Accordingly [17],
γ†m = −AγmA−1 , A ≡ γ(0) , (γ(0))
2 = −I , A† = −AAA−1 = −A ,
γ†m = +γ(0)γmγ(0) = +AγmA , ψ = ψ
†A = ψ†γ
(0)
, B†B = I ,
BT = −B , γTm = CγmC−1 , CT = −C , C = BA . (A.4)
Relevantly, we have the fermionic quadratic combinations [17]:
(χAλA)
† = λ†A(χ
A)† = λ†A(χ
†AA)† = λ†AA
†χA = −λ†AAχA
= −(λAχA) = −ǫAB(λAχB) = −ǫAB(χBλA) = −(χAλA) . (A.5)
Note that we have taken into account a sign error11 in eq. (6) in [17] that affects the first
hand side. In a more general case for 0 ≤ n ≤ 5, the hermitian conjugation works like [17]
(χAγm1···mnλA)
† = λ†A(γm1···mn)
†(χA)†
= λ†A(− Aγ⌊⌈mn|A−1)(− Aγ|mn−1|A−1) · · · (− Aγ|m1⌋⌉A−1)(χ†AA)†
= (−1)n+n(n−1)/2(λ†AAγm1···mnA−1A†χA) = (−1)n+n(n−1)/2(λAγm1···mnχA)
= (−1)n(n+1)/2ǫAB(λBγm1···mnχA) = (−1)n
2/2+n/2+n2/2−n/2ǫAB(χAγm1···mnλB)
= (−1)n2+1(χAγm1···mnλA) , (A.6)
11We acknowledge E. Sezgin for informing about this error.
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Hence, omitting the explicit A -indices for contractions as in section 2, we get
(χγm1···mnλ)
† = (−1)n+1(χγm1···mnλ) . (A.7)
Typical examples are
(χλ)† = −(χλ) , (χγmχ)† = +(χγmχ) , (χγmnλ)† = −(χγmnλ) , etc. (A.8)
In other words, any combination (χγm1···mnλ) with an even number of gammas need a pure
imaginary unit ‘i’ in front to be an hermitian expression, while a combination with an odd
number of gammas is already hermitian.
In (A.6), we have used the flipping property for 0 ≤ n ≤ 5
(λAγm1···mnχB) = (−1)n+1(−1)(1−n)(2−n)/2(χBγm1···mnλA)
= (−1)n(n−1)/2(χBγm1···mnλA) . (A.9)
Therefore we have
(ǫ1γ
m1···mnǫ2) ≡ (ǫA1 γm1···mnǫ2A) =
{ − (ǫA2 γm1···mnǫ1A) (for n = 0, 1, 4, 5) ,
+ (ǫA2 γ
m1···mnǫ1A) (for n = 2, 3) .
(A.10)
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